Introduction
For a natural number n 2 N let P(n) be the set of all partitions of n and denote an element c = 1 c 1 2 c 2 :::n cn 2 P(n) by the sequence (c 1 ; c 2 ; :::c n ) 2 N n 0 with P i=1;:::;n c i i = n. Then F n;1 (q) is equal to the number of conjugacy classes in the general linear group GL n (q) over a nite eld with q elements, F n;?1 (q) is equal to the number of conjugacy classes in the nite unitary group U n (q 2 ) and F n;0 (q) gives the number of GL n (q) orbits (i.e. similarity classes) of matrices in Mat n (F q ) as well as the number of adjoint U n (q 2 ) -orbits on its Lie algebra U n (q 2 ) = fm 2 Mat n (F q 2 ) j m = (?m tr ) (q) g:
Here m tr denotes the transpose of m and m (q) the matrix obtained from m by raising each entry to the q th power. Let Cl n; (q) denote these orbit numbers in the various cases. The formula for conjugacy classes can be found for example in Wall's papers 4], 5] or in a paper of Macdonald 2] but I do not know a reference for the case of Lie algebras. One result of this paper consists in a uni ed proof of the formula Cl n; (q) = F n; (q) together with a polynomial identity for F n; (X), involving partitions and`multipartitions' of n. To state the result we need the following notation: Thus, if q is large enough, then multipartitions parametrize the semisimple genera of G n (q). Using these notations our result is the following: Theorem 1.2 For = 1 let Cl n (q) be the number of conjugacy classes of G n (q) and Cl 0 n (q) the number of adjoint G n (q) -orbits in the corresponding Lie algebras G`n(q) and U n (q 2 ) (see the de nition in section 2). We also give a formula for the number of semisimple classes in G n (q) of given genus and given order of elements.
In case of GL n the identity (1:1) follows from a general fact on semisimple orbits in nite dimensional algebras over arbitrary elds, under the action of its unit groups (see 3.1 for the de nition of semisimple elements).
In fact if B is such an algebra with unit group B and Jacobson radical Rad B, then 3.3 states that the number of semisimple B orbits in B equals the number of semisimple (B=Rad B) orbits in B=Rad B.
Since this result does not cover the unitary cases of (1:1) we also give a uni ed proof for (1:1) and all relevant , using the theory of connected a ne algebraic groups.
Basic notation
Let G be a group acting on a set , then let ! G or !] denote the G -orbit of ! and G ! its stabiliser in G. The set of G -orbits in will be denoted by nG. As usual a map : 1 ! 2 between G -sets, satisfying ( g !) = g (!) is called a G -map. Moreover for each H G we de ne H := f! 2 jH G ! g.
We start with the following observation which is useful for the parametrization of orbits in G -sets: Suppose , 1 , 2 are G-sets. Furthermore let | : ! 1 2 be an injective G -map. For any t 2 1 let 2 (t) := fv 2 2 j 9 ! 2 with |(!) = (t; v)g: Then 2 (t) is a G t -set and for any system 1 : G of representatives for 1 We have for the sets of semisisimple elements in G and Lie(G):
Since G T acts trivially on Lie(T) we obtain the following lemma which is an analogue of 3.3 for connected linear algebraic groups:
Lemma 3.5 Let G ss and Lie(G) ss be the sets of semisimple elements in the connected linear algebraic group G and its Lie algebra Lie(G) and let T be a maximal torus of G.
Then:
It is useful to know that centralizers in G of semisimple elements stay under control if one factors out a normal connected unipotent subgroup. This result is well known in the case of groups but I do not know a reference in the case of Lie algebras, so I give a proof. First we need a lemma. Lemma 3.6 Let G be a linear algebraic group, T a torus of G and U G a connected abelian unipotent subgroup of G which is normalized by T . Then for any t 2 T and 2 Lie(T) the group U t is connected and we have:
Lie(U) + = (Lie(U)) ; U]: Here Lie(U) + denotes Lie(U), viewed as an additive linear algebraic group and t; U] denotes the group generated by (here in fact equal to) the set of commutators t; u] = t ?1 u ?1 tu with u 2 U, ; U] := f? + u j u 2 U g, which is a closed irreducible additive subgroup of (Lie(U)) + and (Lie(U)) := f 2 Lie(U) j ; ] = 0 g: Proof: We consider the Lie algebras which occur as subalgebras of Lie(G). We x a t 2 T. Consider the morphism : U ?! t; U], u 7 ! t ?1 u t. Since Proof: As soon as this is proved for abelian U, the general case will follow by induction on dimensions:
There always exists the nontrivial characteristic subgroup Z := Z(U) 0 of U. By induction (G) x = ((G=Z)=(U=Z)) x = ((G=Z) x (U=Z))=(U=Z) = ((G x Z=Z) (U=Z))=(U=Z) = G x U=U = (G x ), for x = t or . So we can assume U to be abelian. Let g 2 (G) t then by the previous lemma g t = t u 1 u 0 with u 0 2 U t and u 1 = t ?1ũ t for someũ 2 U. Hence g t =ũtu 0 and since u 0 commutes withũ and t it must be 1. So g =ũ Conjugacy classes of GL n are described using the theory of normal forms of matrices, which is a special case of the theory of nitely generated modules over principal ideal domains. Let R be such a PID and P be a full cross section of associativity classes of primes in R. Then any nitely generated R-torsion module M is isomorphic to a direct sum of cyclic R -modules with prime-power annihilators. Collecting all summands whose annihilators are powers of the same prime 2 P we get the -primary component The general linear group GL n (q) over a nite eld F q as well as the unitary group U n (q 2 )
are special series of nite groups of Lie type. The group GL n (q) is the group of xed points (GL n (F q )) Fq of the Frobenius endomorphism F q : GL n (F q ) ?! GL n (F q ); (g ij ) 7 ! (g ij (q) ); whereas the unitary group U n (q 2 ) is the group of xed points (GL n (F q )) F?q of the generalized Frobenius endomorphism F ?q : GL n (F q ) ?! GL n (F q ); g 7 ! F q (g ?tr );
where tr denotes transposition of matrices.
Its description as classical groups is the following:
consider the involution : F q 2 ?! F q 2 ; c 7 ! c q and the hermitian form on the F q 2 -vector space (F q 2 ) n given by < v; w >:= P i=1;:::;n v i w i q , for all v = (v 1 ; :::; v n ); w = (w 1 ; :::; w n ) 2 (F q 2 ) n . Then U n (q 2 ) is the subgroup fg 2 GL n (q 2 )j < g(v); g(w) >=< v; w > 8 v; w 2 F n q 2 g. The Lie algebra G`n(F q ) := Lie(GL n (F q )) is the`bracket-algebra' Mat n (F q ) ; ] where ; ] is the commutator of matrices. The endomorphisms For all g 2 GL n (F q ) the centralizer groups are exactly the (Zariski -open) groups of units in the the corresponding centralizer algebras, hence they are connected. It is well known that in this situation the conjugacy classes of GL n (q) and U n (q 2 ) are in bijection to the F q -stable, respectively F ?q -stable conjugacy classes of GL n (F q ). The same is true for the adjoint orbits of GL n (q) and U n (q 2 ) on G`n(q) respectively U n (q 2 ). Let V be an n -dimensional vector space over the perfect eld K and 2 End K V . We can view V as a K X]? or with 0 < a 1 (r) < ::: < a k(r) (r), if r divides f . Let Irr n K X] be the set of all monic irreducible polynomials in K X] with degree less than or equal to n. Then there is an obvious bijection between the set of conjugacy classes under GL(V ) in End K V and the set of parameters (S; ((a i (r); b i (r)) i=1;:::;k(r) ) r2S ) consisting of a subset S Irr n K X] and numbers k(r); a i (r); b i (r) 2 N, for any r 2 S subject to the conditions: a k(r) (r) > ::: > a 1 (r) > 0; b i (r) > 0 and P r2S deg(r) P G`n(q) ss nGL n (q) = f f 2 F q X] j f monic; deg(f) = n g; GL n (q) ss nGL n (q) = f f 2 F q X] j f monic; deg(f) = n; f(0) 6 = 0 g; U n (q 2 ) ss nU n (q 2 ) = f f 2 F q X] j f monic; deg(f) = n; f (q) X] = (?1) n f ?X]g; and U n (q 2 ) ss nU n (q 2 ) = ff 2 F q X] j f monic; deg(f) = n; f(0) 6 = 0; f (q) X] = f(0) In particular the isomorphism type of centralizers only depends on the multipartition m( GLn(q) ). The same holds for the ambient centralizer ring. Notice that for GL n (q) the identities (1:1) ( = 1 or 0) could be proved using 3.3. Now we give a uni ed argument valid for the unitary cases as well.
Recall that Lang's theorem states that for any Frobenius endomorphism F : G ! G of a connected algebraic group G, the Lang map L F : G ! G; g 7 !g ?1 F(g) is surjective.
We start with an explicit description of the centralizers of semisimple elements in G n (q): Theorem 4.6 The set of unipotent classes in G n (q) or of nilpotent orbits in the corresponding Lie algebra is in bijection with the set P(n) of all partitions of n. Any centralizer Z G n (q) ((c i ) i=1;:::;n ) corresponding to a partition (c i ) i=1;:::;n satis es:
Proof: The proof is similar to the case of semisimple classes, so we omit the details. The following gives a sample of the class and orbit numbers Cl n; (q) in 1.2:
= 0 Cl n;0 (q) n = 1 : q n = 2 : q 2 + q n = 3 : q 3 + q 2 + q n = 4 : q 4 + q 3 + 2q 2 + q n = 5 : q 5 + q 4 + 2q 3 + 2q 2 + q n = 6 : q 6 + q 5 + 2q 4 + 3q 3 + 3q 2 + q n = 7 : q 7 + q 6 + 2q 5 + 3q 4 + 4q 3 + 3q 2 + q n = 8 : q 8 + q 7 + 2q 6 + 3q 5 + 5q 4 + 5q 3 + 4q 2 + q n = 9 : q 9 + q 8 + 2q 7 + 3q 6 + 5q 5 + 6q 4 + 7q 3 + 4q 2 + q n = 10 : q 10 + q 9 + 2q 8 + 3q 7 + 5q 6 + 7q 5 + 9q 4 + 8q 3 + 5q 2 + q n = 11 : q 11 + q 10 + 2q 9 + 3q 8 + 5q 7 + 7q 6 + 10q 5 + 11q 4 + 10q 3 + 5q 2 + q n = 12 : q 12 + q 11 + 2q 10 + 3q 9 + 5q 8 + 7q 7 + 11q 6 + 13q 5 + 15q 4 + 12q 3 + 6q 2 + q n = 13 : q 13 + q 12 + 2q 11 + 3q 10 + 5q 9 + 7q 8 + 11q 7 + 14q 6 + 18q 5 + 18q 4 + 14q 3 + 6q 2 + q = 1 Cl n;1 (q) n = 1 : q ? 1 n = 2 : q 2 ? 1 n = 3 : q 3 ? q n = 4 : q 4 ? q n = 5 : q 5 ? q 2 ? q + 1 n = 6 : q 6 ? q 2 n = 7 : q 7 ? q 3 ? q 2 + 1 n = 8 : q 8 ? q 3 ? q 2 + q n = 9 : q 9 ? q 4 ? q 3 + q n = 10 : q 10 ? q 4 ? q 3 + q n = 11 : q 11 ? q 5 ? q 4 ? q 3 + q 2 + q n = 12 : q 12 ? q 5 ? q 4 + q 2 + q ? 1 n = 13 : q 13 ? q 6 ? q 5 ? q 4 + 2q 2 = ?1 Cl n;?1 (q) n = 1 : q + 1 n = 2 : q 2 + 2q + 1 n = 3 : q 3 + 2q 2 + 3q + 2 n = 4 : q 4 + 2q 3 + 4q 2 + 5q + 2 n = 5 : q 5 + 2q 4 + 4q 3 + 7q 2 + 7q + 3 n = 6 : q 6 + 2q 5 + 4q 4 + 8q 3 + 11q 2 + 10q + 4 n = 7 : q 7 + 2q 6 + 4q 5 + 8q 4 + 13q 3 + 17q 2 + 14q + 5 n = 8 : q 8 + 2q 7 + 4q 6 + 8q 5 + 14q 4 + 21q 3 + 25q 2 + 19q + 6 n = 9 : q 9 + 2q 8 + 4q 7 + 8q 6 + 14q 5 + 23q 4 + 33q 3 + 36q 2 + 25q + 8 n = 10 : q 10 + 2q 9 + 4q 8 + 8q 7 + 14q 6 + 24q 5 + 37q 4 + 49q 3 + 50q 2 + 33q + 10 n = 11 : q 11 + 2q 10 + 4q 9 + 8q 8 + 14q 7 + 24q 6 + 39q 5 + 57q 4 + 71q 3 + 69q 2 + 43q + 12 n = 12 : q 12 + 2q 11 + 4q 10 + 8q 9 + 14q 8 + 24q 7 + 40q 6 + 61q 5 + 85q 4 + 102q 3 + 93q 2 + 55q + 15 n = 13 : q 13 + 2q 12 + 4q 11 + 8q 10 + 14q 9 + 24q 8 + 40q 7 + 63q 6 + 93q 5 + 125q 4 + 142q 3 + 124q 2 + 70q + 18
Notice that the second table for n = 1; :::; 12 already appears in 2]. Similarly the rst ten rows of the third table can be obtained from table 5 in 2] by multiplication with q + 1.
Final remarks: There are nice formulae and interpretations of the coe cients of F n; (X) in the cases = 0 and = 1.
In the former case, the de ning formula for F n;0 (X) shows that the coe cient at X k equals the number of partitions of n into k parts. A comparison of coe cients at X k Y n shows that the coe cient at X k in F n;1 (X) is given as: #f partitions of n into an odd number of distinct parts; smallest being kg? #f partitions of n into an even number of distinct parts; smallest being kg; except that if k = 0, odd and even are interchanged.
